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Abstract In this paper,’ we study a class of quadratic Backward Stochastic Differ-
ential Equations (BSDEs) which arises naturally in the utility maximization problem
with portfolio constraints. We first establish existence and uniqueness of solutions for
such BSDEs and we then give applications to the utility maximization problem. Three
cases of utility functions: the exponential, power and logarithmic ones, will be discussed.
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1 Introduction

In this paper, the problem under consideration consists in maximizing the expected
utility of the terminal value of a portfolio under constraints. The main objective is
to give the expression of the value process of the utility maximization problem with
utility function U and liability B, whose expression at time ¢ is

Vi (z) = ess sup IE}—”(U(X;’W” — B)). (1.1)
veEA;

In our model, X;’t’m is the terminal value of the wealth process associated with the
strategy v and equal to x at time ¢ and the essential supremum is taken over all trading
strategies v, which are defined on [t,T] and take their values in an admissibility set
denoted by A;. Since not any Fp-measurable random variable B is replicable by a
strategy taking its values in A, the financial market is incomplete. This problem
provides further interests due to its connection with utility indifference valuation: in
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fact, the utility indifference price relates the two value processes VB and VY. Introduced
by Hodges and Neuberger (1989), the utility indifference selling price stands for the
amount of money which makes the agent indifferent between selling or not selling the
claim B.

Among previous studies of our problem, we refer to [2] and [18]. In the first, Becherer
studies both the utility maximization problem and the notion of utility indifference va-
luation in a discontinuous setting, whereas, in the second paper, Mania and Schweizer
consider the same problem in a continuous framework. As in these two papers and to
solve the problem (1.1) in the case of non convex trading constraints, we rely on the
dynamic programming methodology and on non linear BSDE theory. In the existing
literature (see e.g. [3], [19] or [24]), the convex duality method is widely used to study
the unconditional case of the problem, but in the aforementioned papers, the authors
either suppose there is no constraints or they assume the convexity of the constraint
set, which is an assumption we relax here. We rather use the first method to handle
dynamically the problem and, for this approach, some major references are [12] and
[18]. Our contribution consists in extending the dynamic method in a general conti-
nuous setting and in presence of constraints. This requires to establish existence and
uniqueness results for solutions to specific quadratic BSDEs and then use these results
to characterize both the value process expressed at time ¢ in (1.1) and the strategies
attaining the supremum in this last expression.

The paper is structured as follows: Section 2 lays out the financial background and gives
some preliminary tools and results about BSDEs. Then, the dynamic programming
method is applied to derive an explicit BSDE. Section 3 investigates the existence and
uniqueness results for solutions to the introduced BSDEs. In Section 4, applications
to finance are developed and the expression of the value process is provided for three
types of utility functions. Lengthy proofs are relegated to an appendix.

2 Statement of the problem and main results
2.1 The model and preliminaries

As usual, we consider (£2, F, IP) a probability space equipped with a right-continuous
and complete filtration F = (F;); and with a continuous d-dimensional local martingale
M. Throughout this paper, all processes are considered on [0, T], T being a determinis-
tic time and we denote by Z - M the stochastic integral of Z w.r.t. M. We also assume
that 7 = (F¢);cjo,7) is a continuous filtration: this means that any R-valued (square
integrable) F-martingale K is continuous and can be written

K=Z M+1L,

with Z a predictable R%valued process and L a (square integrable) R-valued mar-
tingale strongly orthogonal to M (i.e., for each i, (M® L) = 0). For a given square
integrable martingale M, the notation (M) stands for the quadratic variation process
and the notation |-|oo stands for the norm in L (Fr) of any bounded Fp- measurable
random variable.

From the Galchouk-Kunita-Watanabe inequality, it follows that each component
d(M*, M7) (i,5 € {1,--- ,d}) is absolutely continuous with respect to dC' = (3", d(M")).
Hence, there exists an increasing and bounded process C' (for instance, we set: Cy =



arctan(Cy), for all t) such that (M) can be written
d(M)s = msm;dcs,

where m is a predictable process taking its values in Rxd (this expression has been
’
used in [8] in an analogous continuous framework). The notation m stands for the

’
transposed matrix and we also assume that, for any s, the matrix msmg is invertible,
P-a.s.

The financial background To bring further motivations, we explain the financial
context and, for this, we provide here all the definitions and common assumptions.
We consider a financial market consisting in d + 1 assets: one risk free asset with zero
interest rate and d risky assets. We model the price process S of the d risky assets as
a process satisfying 2

d
= dM; + dAs, with:Vj € {1,---,d}, dAL = Nd(M?, M")s, (2.1)
i=1

dSs
Ss

(M7, Ml>)] standing for the i'" column of the R?*¢ matrix-valued process (M) and
X a R%valued process satisfying

T, T
(Hy) Jay >0, / ALd(M)s s :/ meAs|2dCs < ay, P-as.  (2.2)
0 0

This definition is stronger than the usual structure condition, which only states:
T

A;d(M)s)\s < 00, P-a.s. (we refer to [1] or [11] for this condition) and, in particular,

itoimplies that £(—X - M) is a strict martingale density for the price process S. In the
financial application, we rely on (H)) to use the precise a priori estimates given in
Lemma 3.1 in Section 3. We now state the definition of wealth process X" and of the
associated self-financing and constrained trading strategy v.

Definition 2.1 A predictable R%-valued process v = (vs)se[t, ) is called a self-financing
trading strategy if it satisfies

1 vs € C, P-a.s. and for all s, C being the constraint set (closed and not necessarily
convex set in RY).

2 The wealth process XV = X"'%% of an agent with strategy v and wealth z at time
t is defined as follows

s d i
v __ Vy i
Vs € [t,T], X, == +/t g . ?ﬁdST’ (2.3)

and it is in the space H2 of semimartingales.

2 Both this decomposition already introduced in [7] and the assumption of almost sure
inversibility of mg for all s, ensure that the no arbitrage property holds.



In this definition, each component V' of the trading strategy corresponds to the
amount of money invested in the it" asset. Due to the presence of portfolio constraints,
there does not necessarily exist a strategy v (such that, for all s, vs € C) satisfying:
XY} = B, for a given Fp-contingent claim B. Hence, we are facing an incomplete
market. The utility maximization problem aims at giving the expression of the value
process defined at any time ¢ by (1.1) and at characterizing the set of optimal strategies,
i.e. those achieving the esssup for the problem. In this study, we first consider the
exponential utility maximization problem associated with the utility function: Un(z) =
—exp (—ax), with: @ > 0. Usually, the set of admissible trading strategies consists of
all the strategies such that the wealth process is bounded from below. To solve the
problem analogously to [12], we need to enlarge the set of admissible strategies to a
new set denoted by Ag.

Definition 2.2 Let C be the constraint set, which is such that: 0 € C. The set A¢ of
admissible strategies consists of all d-dimensional predictable processes: v = (I/S)se[tj]

T
satisfying: vs € C, P-a.s. and for all s, IE(/ |msus|2dCs) < oo and the uniform inte-
t
grability of the family

{exp(—aXY) : T F-stopping time taking its values in [t, T]}.

This appears to be a restrictive condition on strategies and it implies that we have to
justify the existence of one optimal strategy admissible in this sense.

Preliminaries on quadratic BSDEs We first provide the form of the one-dimensional
BSDEs considered in the sequel

T T T
(Eql) ;=B +/t F(s,Ys, Zs)dCs + g (L) — (L)+) —/t ZsdMs —/t dLs.
To refer to this BSDE, we use the notation BSDE(F, 3, B). Usually, a BSDE is cha-
racterized by two parameters: its terminal condition B assumed here to be bounded,
its generator F' = F(s,y, z), a P x B(R) x B(R%)-measurable function, continuous w.r.t.
(y,2) (P denotes the o-field of all predictable sets of [0,7] x 2 and B(R) the Borel
field of R). In our setting, we introduce another parameter 3 which is assumed to be
constant and a financial meaning for § is given in next paragraph. We also impose
precise growth conditions on the generator: in particular, we study existence under the
assumption of quadratic growth w.r.t. z. One essential motivation of this study is that
such quadratic BSDEs 3 appear naturally when using the same dynamic method as in
[12] to solve the problem (1.1). A solution of the BSDE(F, 38, B) is a triplet (Y, Z, L)

T
with (L, M) = 0 and such that: / |F(s,Ys, Zs)|dCs < oo, P-a.s., satisfying (Eql)
0

and defined on S x L2(d(M) @ dP) x M?([0,T]): S°° consists of all bounded con-
tinuous processes, L2(d(M) ® dP) consists of all predictable processes Z such that:

T
IE(/ |ms ZS|2dCS) < 00, and M?2(]0, T]) consists of all real square integrable martin-
gales of the filtration F.

3 Such BSDEs have been considered in [18], where the authors already deal with the utility
maximization problem but, contrary to the present paper, they do not assume the presence of
trading constraints.



The stochastic exponential of a semimartingale K denoted by £(K) is the unique
process satisfying

E(K)=1+ /Ot Es(K)dKs.

A process L is a BMO martingale if L is an F-martingale and if there exists a constant
¢ (¢ > 0) such that, for any F-stopping time T,

E™" ((Lyr — (L)7) < e

The dynamic method In this part, we use the same dynamic method as in [12] to
characterize the value process of the optimization problem in terms of the solution of
a BSDE with parameters (F“, 3, B). The expressions of F'“ and 3 are obtained below
in (2.5) by formal computations (these computations are justified in the last section of
this paper).

To this end, we construct, for any strategy v and fixed ¢, a process R” = (RY)s>+
such that, for all s, Ry = Ua (XY — Ys), with Uy defined by: Ua(-) = —exp(—a-), and
such that the process Y solves the BSDE(F®, 8, B) of type (Eql): the terminal condi-
tion is the contingent claim B, and the parameters F'“ and 3 have to be determined.
Besides, this family (R") is such that
(i) R} = Ua(X7 — B), for any strategy v,

(i) RY = Ua(z — Vi) (z is assumed to be a constant®).
(iii) R is a supermartingale for any strategy v, v € Ay, and a martingale for a parti-
cular strategy v*, v* € Ays.
We rely on the equation (2.3) defining X" and on Itd’s formula to get

S
XY —Ys=(z - Y1) +/t (vu — Zu)dMy — (Ls — Ly¢)

S S ’
+/t F® (u, Za)dC +§(<L>s (L)) +/t () (mud)dCa.

Since, for all s, R = —exp(—a(X¢ — Ys)) and using the notation: & 7(K) = %,

for a given local martingale K, we claim

T
exp <a(/t (vs — Zs)dMs)> =

T
Er(—a((v—Z)- M))exp (o‘;/ |ms(vs — ZS)|2dCs> , on the one hand,
t

2
exp (a(Lr — Lt)) = & 7(aL)exp (%((L)T — (L)t)) , on the other hand,

which leads to the mutiplicative decomposition

RS = —exp(—a(x — Y1) Es (—a(v — Z) - M) & s(al) exp (A5 — AY) . (2.4)

4 This dynamic method can be extended to any attainable wealth x, i.e. any Fi-measurable
random variable such that: X} = z, for at least one admissible strategy v defined on [0, ¢].



Here, A” is such that

, 2
dAY = (_aF’l(s, Zs) = a(movs) (mshs) + G- |mis(vs — ZS)|2> “
2
. (%) d(L)s .

Since M and L are strongly orthogonal, we get
E(—alv—2Z) -M)E(aLl)=E(—a(v—Z)- M + aL).

From (2.4), RY is the product of a positive local martingale (as a continuous stochas-
tic exponential of a local martingale) and a finite variation process. The process R”
being negative and relying on the multiplicative decomposition (2.4), the increasing
property of A" for all v yields the supermartingale property of R (the process R”
is a martingale for v* satisfying: dA” = 0). These two last conditions on the family
(AY) holding true for all v, v € Ay, we get

’

{ —agd(L)s + Gd(L)s =0 = (8= o),
—a(F*(s,Zs) + (msvs) (mshs)) + % |ms(vs — Zs)|? > 0.

This leads to
1

2a\ms)\s|2. (2.5)

F(s,2) = inf (Shma(v = (2 + 2)) = (me2) (mahs) -

This method, explained for a fixed time ¢, relies on the dynamic programming principle
and could therefore be extended without any additional difficulty to any F-stopping
time 7.

2.2 Statement of the assumptions and main results

Assumptions To study the existence for solutions of the BSDEs(F, 3, B) of type
(Eql), we assume in all the sequel the boundedness of the terminal condition B. More-
over, we suppose that there exists a non negative predictable process @& such that:
fo asdCs < a, for a strictly positive constant a and three strictly positive constants
b, v and C1 such that one of the three following conditions holds

(H1) |F(s,y,2)| < &s + bas|y| + %I?ﬂs'Z\2 with y > |3 and v > b,

() |F(s,y,2)| < Gs + Lmazl?,

(HY) —C1(@s + |maz]) < F(s,9,2) < @ + 2 |mazf.

Remark 2.3 We give here some comments:

e Assumption (H1) is more general than the two other ones but we only require these
two last asst/lmptions to establish the existence result. We first reduce the assumption
(H1) to (Hy) by a classical truncation procedure and we note that the additional



assumption in (Hf) is that the lower bound has at most linear growth in z: this
condition has already been used by [5] in the Brownian setting to justify the existence
of a minimal solution. We rely on the same construction to prove our existence result.
e The quadratic BSDE introduced in Section 2.1 and of the form (Eql) has for
parameters: F' = F“ 3 = « and B (B standing for the liability in the optimization
problem (1.1)). In particular, the generator F given by (2.5) satisfies (H1). In fact,
we have

/ 1 1
F(s,2) > —(msz) (mshs) — %|ms)\s|2 > —|msz||msAs| — %|m5)\8|27

which leads to

T
Defining @, for all s, by: as = é|ms)\s\2, we claim that: asdCs < a, P-a.s., with
0
the parameter a depending on « and a) (this last constant is defined in equation (2.2)).
Since 0 is in C, we get

F%(s,2) < %\msz|2.

e FEven if we suppose that F' is Lipschitz w.r.t. y and z, we cannot obtain directly
existence and uniqueness result for a BSDE of type (Eql), because of the presence of
the additional term involving the quadratic variation process (L). This explains the
introduction of another type of BSDEs denoted by (Eq2)

(Eq2) { zZs:e;]gs(.& Us, Vs)dcs + VsdMs + st»

In the previous equation, V' - M + N stands for the martingale part and N is a R-valued
martingale orthogonal to M (the presence of such a martingale N is required, since
M does not enjoy the predictable representation property). In the sequel, we denote it
by BSDE(g, ¢”?). This second type of BSDE is linked with the BSDE(F, 3, B) of type
(Eql) by using an exponential change of variable. Indeed, setting: U = e’aY7 this leads
to

In(u) wv )
B Bu
This type of BSDE is simpler, since there is no term involving the quadratic varia-
tion process (N) in (Eq2). Furthermore, these BSDEs having a generator g such that
(g: (s,u,v) = g(s,u,v)) is uniformly Lipschitz w.r.t. u and v have been studied in [§]
in a general continuous setting. Our aim is to establish a one-to-one correspondence be-
tween the solutions of the BSDE(F, 3, B) of type (Eql) and those of the BSDE(g, e??)
of type (Eq2).

_1
2u

o) = (Bur s, meol?) Luso.

To prove a uniqueness result for solutions of the BSDE(F, 3, B) of type (Eql), we
impose that there exists two reals u and Cs, a non-negative predictable process 6 and



a constant cg such that

VzeRY vyl 42 eR,

(yl - yz)(F(sfylvz) - F(87y27z)) < :U*‘yl - y2|27

(H2) T
J0st. / Ims0s|2dCs < cg, Vy €R, V 21, 22 € RY,
0

|F(s,y,21) = F(s,y,2°)| < Co(msbs + [msz'| + [ms2®|)|ms (2" = 22)].
Remark 2.4 The first inequality in assumption (Hz) corresponds to the monotonicity
assumption (this assumption is given in [20]). The second assumption on the increments
in the variable z is a kind of local Lipschitz condition w.r.t z, which is similar to the one
in [12]. We check that (H2) is satisfied by the generator F* with: Co = §, 0 = 4%
and pu = 0, since F'® is independent of y: indeed, for any zl, 2% in Rd, we argue that
the increments of F'“ w.r.t. z satisfy

|Fa(8721) - FQ(S,Z2)‘

IA

15 (st (ms (=" + g),mSC) — dist?(ms (22 + 2),mSC))|

+ = (msz") (msh) + (msz®) (ms))]

s Al
e

A

Shms(zt = 22| (jmaz!| 4 Imsz®] + 27520 4 ma (2" = 2%)Imad.

Main results To obtain the existence and uniqueness results for solutions of BSDEs
of type (Eql), we establish the same results for BSDEs of type (Eq2). We now state
the results which are justified in Section 3.

Theorem 2.5 Existence: Considering the BSDE(F, 3, B) and assuming both that the
generator F' satisfies (H1) and that the terminal condition B is bounded, there exists
a solution (Y, Z, L) in S°° x L*(d(M) ® dP) x M>([0,T]) of the BSDE.

Theorem 2.6 Uniqueness: For all BSDEs(F, 3, B) of type (Eql) such that the gen-
erator F satisfies both (H1) and (H2) and such that the terminal condition is bounded,
there exists a unique solution (Y, Z, L) in S x L*(d(M) @ dP) x M?([0,T]).

Theorem 2.7 Comparison: Considering two BSDEs of the form (Eql) given by
(FL,8,6%) and (F?,3,¢%) where F* and F? satisfy (Hy) and (Hs) and assuming fur-
thermore that (Yl, VA Ll) and (Yz, z2, LQ) are respective solutions of each BSDE
such that

(51 <& and Fl(s,Ysl,Zsl) < FQ(S,Ysl,Zsl)) , P-a.s. and for all s,

then, we have: YS1 < YSQ, P-a.s. and for all s.

We only provide proofs for the two first theorems, since, without additional difficulty,
we check that the comparison result given in Theorem 2.7 holds: to prove this, we
proceed with a linearization of the generator similar as the one in Section 3.2: this
consists in applying the It6-Tanaka formula to the adapted and bounded process:
vi2 = exp(2uC.) (Y.L — ¥.2)*)? and in rewriting the same proof.



3 Results about quadratic BSDEs
3.1 A priori estimates

In this part, we obtain precise a priori estimates for solutions of the BSDEs of type

(Eql). Referring to previous studies on quadratic BSDEs (such as in [5] or [16]), these
estimates are the starting point of the proof of the main existence result.
To prove these estimates, we assume the existence of a solution (Y, Z, L) of the
BSDE(F, 3, B) such that F satisfies (H1) and we proceed analogously to [5]. However,
since the authors work with a brownian filtration, we have to generalize their method
to our setting.

Lemma 3.1 Considering a BSDE of type (Eql) given by (F, 3, B) and assuming both
boundedness of B and condition (Hy) for F, we can give explicitely in terms of the

parameters v, a, b (given in (Hy)) and |B|oo the three constants ¢, C, C" such that,
for any solution (Y, Z, L) in S x L*(d(M) ® dP) x M?([0,T]),

(2) P-a.s. and for allt, c<Y; < C,
T ’
(i) for any F-stopping time T, E </ |m5Zs|2dCs +{(Lyp — (L)7—> <C.
T

Proof By definition, the solution (Y, Z, L) belongs to S*° x L2 (d(M)®dP) x M?([0, T])
and our first objective is to explicit both a lower and an upper bound for Y. Setting

first: @ = Cbab_l, we aim at proving
Vi, exp(y]Yil) < exp (4(@ + |Blooe™)). (3.1)
For this and for fixed ¢, we introduce H = (U (s, |Ys])) such that
exp( [,? baydCy) — 1 s
Vs>t Hs=U(s,|Ys]) =exp (V( Pl . w) ) + 1Yzl exp(/ baudCu) |
t

and satisfying: U(t, |Y]) = 7Yl Applying It6’s formula to the process H, we jus-
tify that it is a local submartingale: to this end, we prove that the predictable with
bounded variation process A in the canonical decomposition of the semimartingale H
is increasing. For sake of clarity, we first apply the It6-Tanaka formula to |Y|

d|Ys| = —sign(Ys)F(s, Ys, Zs)dCs — sign(Ys) 5 d(L)s + dls

+sign(Ys)(ZsdMs + dLs),
£ being the local time of Y. Now, It6’s formula leads to the following expression of A

exp(— [ baudCy)dAs =
2 s 1=
Hy (1655 — ysign(Y) F(s, Y, Z5) + ybias V| + Y el P90 m, 2,) dC

+ Hoydls + Hey ((g exp( [ baudCly) — sign(n)g)d<L>s) .

Using assumption (Hj) and the inequalities: |3 < « and & > 0, we get that the
process A is increasing. Hence, H is a local submartingale and we conclude relying on a
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standard localization procedure: i.e., there exists a sequence (73) of increasing stopping
times, converging to T" and taking values in [¢,T] and such that (U(s A 7y, |[Ysar,|) is
a submartingale. This entails

I = U, Vi) <EUT A iy [Yropr, I FL).

Applying the bounded convergence theorem to (E(U(T A 7, [Yrar, )| F¢)) ., and letting
k tend to infinity, we obtain

oW <E(U (T Y ))IF),
which gives (3.1). Hence, assertion (i) of lemma 3.1 is satisfied with
C = (@ + |Blooe?®) and ¢ = — (@ + | B|ooe’®).

To prove assertion (ii), we apply It6’s formula to the bounded process: 1[1(Y) =
Yy (Y + |c]), with 9 such that
R

~y
Py (z) = eT

Such a function satisfies
¥y (@) >0, ifz >0, and — 9, + ¢, = 1, (3.2)

and since c¢ is the lower bound of Y, we have: Y + |¢| > 0, P-a.s. We now consider
an arbitrary stopping time 7 of (Ft)te[O,T]~ Taking the conditional expectation with
respect to Fr in Itd’s formula between T and T', we get

D (Y7)—E"T ((Yr))
T s
= 7 / W (Ys)(=F(s,Ys, Zs)dCs — 5 d(L)s)

- E”- </T1Z'(Ys)(ZSdMs+dL > E” (/ &%) ) (mazs?dC. +d(L >)>-

Since Z - M and L are square integrable martingales and J(Y) is a bounded process,
the conditional expectation of the terms of the second line in the right-hand side va-
nishes. Using both the upper bound on F in (H7) and simple computations, we obtain

B(Yr) — EF* (V7))
<E” / B (Vo) (s (1 + bY | 5 )dCs

cu [0 L 7 [0 L mezac,

Using the properties of ¢~ given by (3.2) and the fact that: v > ||, we get

17 B 1

(51/1 -3 ~l)(Ys) > (515” — %J)(Ys) = %, P-a.s. and for all s.

Putting in the left-hand side of Ito’s formula applied to 'L;(Y) the two last terms, it
follows from the two last inequalities
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LpF. g 2
g7 / Imi Zs *dCs + (L)1 — (L)~)

T ~11 ~1 T ~11
<E (/ (39" = 3 )W msziacs + [ (53" -5

T

N » T
< QY| + | (Y)|Sw/0 (G ](1 + bY[ g )dCs,

and using the integrability assumption on & given in section 2.2, we get the existence
of a constant C' such as in assertion (ii), Lemma 3.1: this constant is independent of
the stopping time 7 and depends only on the parameters a, b, v and |B|co.

0

3.2 The uniqueness result

Proof The key idea of this proof is to proceed by linearization and to justify as in [12]
the use of Girsanov’s theorem. Let (Y1, Z1, L') and (Y2, Z2, L?) be two solutions of
the BSDE(F, 8, B) with F' satisfying both (H1) and (H2) and B bounded. We define
Y52 by: Y12 = vt —v?2 (12 and L1? are defined similarly) and we consider the
nonnegative and bounded semimartingale (Y 2) defined by: l?t172 = 62”0t|Yt1’2|2. We
then use It6’s formula

Ayh? = 2uv2do + 202y 2 avh? + %eQ“Cs2d<Y1’2>s.

Since Y! and Y2 are solutions of the BSDE(F, 3, B), we have

v} = — (F(s,Y2, 28) = F(5,Y2,23)) dCs - gd ((£1)s = (L)) + dKs,
with: K = ZM2 . M + L1’2, which stands for the martingale part. Hence, considering

It6’s formula between t and an arbitrary F-stopping time 7 (7 > t), we get

.
yL2_yle 7/ 2V 2dC,
¢

-
+ €2H052Y5172(F(57Y517 Z;) - F(S, Y52’ Z?))d05

+

J,
J,
.

- / 2oy 2 (712 M, + dLL?)
i
J,

.
62”CS2Y91’2§d<L1’2,L1 + I,

T oouc, 1 1,2
6” S§2d<y7>5

<0

The generator F satisfying (H2), it follows

V2 (F(s, Y, Z) — F(s, Y2, Z2)) < 2uY 212 4 2V 2 (msks) (msZh?),
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where the R%valued process k is defined as follows

(F(s, Y2, Z3) — F(s, Y2, Z3))(257
Ims Zy % |2
ks = 0, otherwise.

)7 if |m5251,2| 7é 07

Rs =

We introduce a new process A

As =2V (FL(s, v 28) = F2(s, Y2, 22)
— (2,u|§/;;1’2|2 + 2Y51’2(msns)/(msZsl’2)) .

This process being almost surely non positive, we obtain

T T
- - 1
A :/ Asts—/ 62”03§2d(Y1’2)s
t t

<0
T ’
+/ 2Y31’262“C"“ (msks) (msZsl’2)dCs
¢
.
n / 2Y31’262“05§d(L1’2,L1 + 12,
t

T T
—/ 262“051/;’22}261%—/ 2621y b 2qrl2,
t t

We then consider the stochastic integrals
N = (QeQHCYl’QZl’Q) -Mand N =k - M, on the one hand,
L= (2Y1’262“C) L' and L = g(L1 + L2)7 on the other hand.

From (Hz), we deduce
3C >0, |msks| <C (|m505\ + |msZL| + \msZSQ|) .

Using both the assertion (ii) in Lemma 3.1 and the assumption on 6 given by (Ha2),
we get: k- M + g(L1 + L?) is a BMO martingale and referring then to [14], £(k - M +
g(L1 + L2)) is a true martingale. Defining Q such that: % =&(k-M+ g(L1 + L2)),
Girsanov’s theorem entails that: K = N+ L — (N4 L, k- M + g(L1 + L?)), is a local
martingale under Q: this implies the existence of a sequence (7¥) converging to T such
that each 7% may be assumed greater than ¢ and such that K., » is a martingale.
Hence, between t =t A 7% and Tk, the adapted process Y satisfies

k
.
A +/ AsdCs + (K, — Ky).
t

Taking the conditional expectation w.r.t F; under Q in that last equality and using
the martingale property of K., x, we get

v <ES (V2IR). (3.3)

As in the proof of Lemma 3.1 on page 9, the use of the bounded convergence theorem
in the right-hand side of (3.3) entails

v, < 1il£n]E@ (V3 %7) =o.
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Hence, it implies
Vt, 17;1’2 <0 Q-as. (and P-a.s., because of the equivalence of P and Q),

which ends the proof (}71’2 being a non-negative adapted process).

3.3 Existence
3.8.1 Main steps of the proof of Theorem 2.5

In this part and to prove the existence result (Theorem 2.5), we proceed with three
main steps.

In a first step, we prove that, to solve a BSDE of type (Eql) under assumption
(H1), it suffices to solve the same BSDE under a simpler assumption (Hi)

In a second step, we introduce an intermediate BSDE of the form (Eq2) and we
establish a one-to-one correspondence between the existence of a solution of a BSDE
of the form (Eql) and one of the form (Eq2).

The third and last step consists in constructing a solution of the BSDE of the form
(Eq2) when its generator g satisfies (H;) and in establishing a “monotone stability”
result analogous to the one given in [16].

Step 1: Truncation in 'y We rely on the a priori estimates given in Lemma 3.1 to
strengthen the assumption on the generator and obtain precise estimates for an inter-
mediate BSDE. More precisely, we show that it is sufficient to study existence under
the simpler assumption (Hi) (instead of (H1))

, T
(Hy) Ja >0, / asdCs < a (a > 0), such that |F(s,y,z)| < as + %|msz|2.
0

Assuming that we have a solution of the BSDE(F, 3, B) of type (Eql) under assumption
(H;l) on F, we deduce the existence of a solution of this BSDE under (H7). For this,
we define K by: K = |c| + |C|, with ¢ and C the two constants given in assertion (i)
in Lemma 3.1 and we introduce

ayf = —FE (s, & 2K)acs - Sa(L®)s + zEKdM, + dLE,
Y& = B,

where the generator FX and the truncation function pK are respectively defined by:
FK(87 Y, Z) = F(Sa pK(y)a Z) and

—K ify < —K,
px(y) =1y ifly <K,
K ify>K.

Hence, we have

Vy R, 2 € R [FN(5,9,2) < as(1 4+ blpx W) + 3 mszl’.
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Since: |px (v)] < |y, FX satisfies again (H1) with the same parameters as F. Using
Lemma 3.1, K is an upper bound of Y& in S, for any solution (YK,ZK,LK) of
BSDE(FX| 3, B). Besides, if we replace @ by: @ = a(l + bK), FX satisfies (Hi)
Due to the initial assumption, there exists a solution denoted by (Y, ZK LK) of
BSDE(FX, 8, B). Since: |[YX| < K, FE and F coincide along the trajectories of this
solution and hence, (YK, zK LK) is a solution of BSDE(F, 8, B) with F satisfying
(H1).

Step 2: an intermediate BSDE To establish the one-to-one correspondence, we first
assume the existence of a solution (Y, Z, L) of BSDE(F, 8, B) with F satisfying (H;)
and we set: U = e°Y . Using [t6’s formula, we check that U solves a BSDE of the type
(Eq2) and that the expression of the generator g is given by

In(u) wv

g(s,u,v) = <BuF(s, vy L

2u

|msv|2> 1uso. (3.4)

A solution of the BSDE(g, e'BB) of type (Eq2) is given by the triplet (U, V, N) such
that: Us = eﬂy*“’7 Vs = BUsZs and N = BU - L. Our aim is to prove that the converse is
true: i.e. if we can solve the BSDE(g, ¢”?) of type (Eq2) under the assumption (Hi)
on g, then we obtain a solution of the BSDE(F, 3, B) of type (Eql) by setting

_ In(U) v _ L
KTk and L = 30

N
I

N. (3.5)

To achieve this, we give precise estimates of U in S for any solution (U, V, N)
of the BSDE(g, €”B) of type (Eq2). Due to the singularity of the expression (3.4) of g
with respect to u, we first rely on a truncation argument and for this, we introduce a
new generator G

In(uVct) v >_2( 1

2
Jé] "BuVel) ch1)|mSU‘ '

G(s,u,v) = Bpez(u)F <5,
The two positive constants ¢! and ¢? are defined later and the function pe2 is the same
as in the first step. Since F' satisfies (H;) and since: p.2(u) < ¢2, we obtain that G
also satisfies (H;). Hence, for any positive constants ¢! and ¢2, there exists a solution

1 2 1 2 1 2
of the BSDE(G, ¢”B) of type (Eq2). We denote it (U, V¢ ¢, N® ). Thanks
to the estimates
2 2
G5y 0)| < Bpea (W) + Bzt + -
_ 5 2 s 1
< Bas|u| + F|msv]?, with: 4 = W + 2

we obtain that G satisfies (H1) with the parameters a,b and v defined by

T
a= / |BlasdCs, b=1, v = 4.
0

1 2

Using (i) in Lemma 3.1, the solution (UCI’ ‘32, Ve Ne 62) satisfies

1 2
U® ¢ <e? —1+|65B\ooea, P-a.s.
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Defining ¢? by: ¢ = ¢® — 1 + |¢’P |oo€e®, this provides an upper bound independent of
. To prove the existence of a strictly positive lower bound, we consider a solution (U,

V, N) of the BSDE(G, €7) and we introduce the adapted process ¥ (U) for all ¢ by:
T

U(Uy) = e Js Bsdc"'Ut (we check that: 3 = |8|asign(Us), satisfies: / |Bs|dCs < a,
0
P-a.s.). Applying then It6’s formula to ¥(U) between ¢t and T', we get

U (U)—-¥(Ur)

T ~ T ~
= / (e 1o ﬁ“dcu(G(s,Us,Vs)+BSUS))ch—/ e do BudCu (v, + dN).
t t

T . T -
— / e—fo BudCuAstS _/ %e—fo BUdC“‘msvslgdCs
t t

T ~
_ / (6_ J§ BudCh (Vdes + st)),
t

with the process A such that: As = G(s,Us, Vs) + (BSUS + %|m3VS|2), which is almost
surely positive. Since —%(V - M) is a BMO martingale (thanks to (ii) in Lemma 3.1),
we introduce a probability measure by defining: % = &(—3%V - M). The Girsanov’s
transform M of M: M = M—i—%(V - M, M), is a local martingale under Q and it follows
that ¥ (U) is the sum of a local martingale (under Q) and an increasing process: relying
on the standard localization procedure and on the boundeness assumption on ¥ (U),
we conclude

w(Uy) > EX(0(Ur)|Fe).

Hence, U > EQ((inf Ur )e_ I BedC, |Ft), and if ¢! is defined by: ¢! = efW(lB“x’ﬂl),
it is a lower bound of U. For these choices of ¢!, 02, the generator G satisfies (H1) and,
for any solution (U, V, N),

ct <Us < 02, P-a.s. and for all s.

Since: G(s,Us, Vs) = g(s,Us, Vs) P-a.s. and for all s, (U, V, N) is a solution of the
BSDE(g, e'BB). The process U being strictly positive and bounded, we can define (Y,
Z, L) by (3.5) and applying [t&’s formula to IH%U) , we check that (Y, Z, L) is a solution

of the BSDE(F, 3, B).

Step 8: Approzimation To prove the existence of a solution of the BSDE(F, 3, B) of
type (Eql) under (Hp), the above two steps show that it is sufficient to prove the
existence of a solution of the BSDE(g, eﬁB) of type (Eq2). Assuming here that F sat-
isfies (H 1), Step 2 entails that we only need to prove existence for the second type of
BSDE under assumption (Hi) on g. Analogously to [16], we construct an approxima-
ting sequence (U™, V™, N™) satisfying
e these triplets are solutions of the BSDEs(g", eﬁB),
e the sequence (g") is increasing and converges, P-a.s. and for all s, to g (g : (y,2) —
95,1, 2)).

From now and for the remaining of Section 3.3.1, we suppose

Assumption 1: The generator g satisfies (Hil) (3.6)
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We then proceed by defining g™ by inf-convolution

’ ’ ! !
9" (s,u,v) = ess inf (g(s,u ,v ) +nlms(v—v)| + nlu—u |) .
u o, v,
u/,vleQd

Such a ¢g" is well defined and globally Lipschitz continuous, which means
A ul,u2, vl,vz, \gn(s,ul,vl) —g"(s,uQ,UQ)\ < n(|ms(vl —112)| + |u1 —u2|). (3.7)

Since (g") is increasing and converges, P-a.s. and for all s, to g : (u,v) — g(s,u,v)
which is continuous w.r.t. (u, v), Dini’s theorem implies that the convergence is uniform
over compact sets. Besides, using that: ¢" < g, we obtain

sup |¢" (s,0,0)] < as. (3.8)
n

The existence of a unique solution (U™, V", N™) of the BSDEs given by (¢", eBB)
in $% x L?(d(M) ® dP) x M?([0,T])® follows from (3.7) and (3.8) (a detailed proof of
this existence result can be found in [8] where it is obtained in a general continuous
setting). Furthermore, applying Theorem 2.7 for these BSDEs of type (Eq2) and using
that (g")y, is increasing, we get: U™ < U™"!. The following result entails that, for all
n, U™ is in S°°.

Proposition 3.2 Let (U™, V", N") be a solution in S* x L*(d(M)®dP) x M?([0,T])
of a BSDE of the type (Eq2) given by the parameters (g™, B), with a generator g" Ly-
Lipschitz and a terminal condition B bounded, we have

T
3 K(Ln,T) >0, Vt, [UP')* < K(Ln,T)E <|B|§o + (/ 19" (5,0, 0)|dcs)2|ft) :
t
(3.9)

The proof, relegated to the appendix, is adapted from the results given in Proposition
2.1 in [4]. Relying on (3.8) and on the assumption on &, Proposition 3.2 implies that
U™ is in S°°. Furthermore, since each generator g" satisfies the assumption (H f) (and
hence (H;) with the same parameters), assertion (i) in Lemma 3.1 ensures that (U™)
is uniformly bounded in S°°.

Step 4: Convergence of the approrimation To prove the convergence of the solutions of
the BSDEs(g", ¢”2) under Assumption 1 (see (3.6)), we introduce the triplet (U, V, N)
as being the limit (in a specific sense) of (U™, V™, N™). (U™) being increasing, we set:
Us = lién /' (US), P-a.s. and for all s. Any generator g" satisfying (Hi/), and hence
(H1) with the same parameters, the estimate (ii) in Lemma 3.1 holds true for each term
of (V™) and (N™)y (uniformly in n). As bounded sequences of Hilbert spaces, there
exist subsequences of (V™) and (N2) such that: V™ 5 V (in L2(d(M) @ dP)), and:
N2 25 Npin L2(82, Fp,P). This implies the weak convergence in L?(£2, F;,P) of NJ*
to Ni, if we define Ny by: Ny = E¥*(Np). However, to justify the passage to the limit

5 The space S? consists of all continuous processes U such that: E < sup Ut|2> < o0.
t€[0,T)
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in the BSDEs given by (¢", ¢?P), we need the strong convergence of (V"), eventually
along a subsequence, to V in L?(d(M) ® dP) (resp. (N™) to N in M2([0,T])). We give
one essential result (similar to the stability result in [16]) which is the key ingredient
in the last step of the proof of Theorem 2.5.

Lemma 3.3 Let (¢") and (B™) be two sequences associated with the BSDEs(g"™, B")
of type (Eq2) and satisfying

e P-a.s. and for all s, (g" : (u,v) — ¢g"(s,u,v)) converges increasingly w.r.t. n and
uniformly on the compact sets of R x R? to g (g : (u,v) — g(s,u,v) (g is continuous
w.r.t. (u,v)).

e For alln, each g" satisfies (H;/), with the same parameters as g (independent of n),
° (B") is a uniformly bounded sequence of Frp-measurable random wvariables, which
converges almost surely to B and increasingly w.r.t. n.

If there exists one solution (U™, V™, N™) of the BSDEs given by (g", B™) such that the
sequence (U™ )y is increasing, then the sequence (U™, V™, N™) converges to (U,V,N)
in the following sense

E (| sup |Ut"Ut|> — 0, asn — oo,

and tel0.7]

T
E / Ims(Vs — Vi|?dCs + |Np — N¥|2> — 0, asm — oo.
0

and the triplet (U, v, N) solves the BSDE(qg, B) of type (Eq2).

Remark 3.4 The “stability” result stated in Lemma 3.3 holds also for the solution of
the BSDE(F, 3, B) of type (Eql) (this results from the correspondence established in
the second step).

We relegate to subsection 3.3.2 the technical point in the proof of Lemma 3.3, i.e. the
strong convergence in their respective Hilbert spaces of the sequences (V™) and (N").

Assuming this, we prove the existence of a solution for BSDE(g, B) by justifying the
passage to the limit in the BSDEs(g", B™)

T T
Ui =B+ [ "V VACs - [ Va6 - V)

To this end, we check that, P-a.s. and for all ¢,
(i) V" =V _(in L*(d(M) ® dP)), as n — oo,
(i) N™ — N (in M?([0,T])), as n — oo,

t

(iii) E(/ lg™ (s, UL, V) — g(s,Us, f/s)|dC’s) — 0, as n — oo.

Assertions (i) and (ii) are consequences of the strong convergence of the sequences
(V™) (resp. (N™)) in L*(d(M) x dP) (resp. in M>([0,T])). To prove (iii), we justify
the convergence in L'(ds ® dP) using the two following results:

e The convergence in dCs®@dP-measure of (msVy") and (Ug') (at least along proper sub-
sequences) and the properties of (¢"), which ensure the convergence of (¢" (s, U, V"))
to g(s, Us, Vs) in dCs ® dP-measure.

e The uniform integrability of the family (¢" (s, US', V")) resulting from the estimates
of g" given by (Hi) and from the fact that (|mV"™|?) is a uniformly integrable sequence,
since it is strongly convergent in L' (dC x dP).
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Passing to the limit as n goes to co, we get that the triplet ([77 v, N) is a solution of
the BSDE(g, ¢P).
To obtain a solution of the BSDE(F, 3, B), we rely on the results of the two first steps

and we set (Y, Z, L) using the formula (3.5).

O

Now, we relax Assumption 1 given by (3.6): i.e., we proceed with the case when g only
satisfies (H{). In this case, the lower bound is no more Lipschitz and, for the procedure,
we refer once again to [5]: the idea consists in using two successive approximations. For
this, we define (g™ P) as follows
9"P(s,u,v) = ess inf (g+(s,u )+ nms(v—v )|+ nlu—u)

u v

— ess inf (gf(s,u ,0 ) +plms(v—v )|+ plu—u \),

u' v

which is increasing w.r.t. n and decreasing w.r.t. p. The entire proof can be rewritten
by passing to the limit as n goes to co (p being fixed) and then as p goes to co.

3.8.2 Proof of the “stability” result in Lemma 3.3

Following the same method as in [16], we establish the strong convergence of the se-
quences (V™) and (N™),, to V and N (this requires the a priori estimates established
in Lemma, 1 for the solutions of the BSDEs given by (¢", B™)). We first introduce the
nonnegative semimartingale: 1, (U" — UP) = (@1 (U™?));,>p, with @, such that

Lz
e —Lr—1
Pp(z) = -1z
This function @ satisfies: &7, > 0, ¢1(0) = 0, @2 — L@lL =1, @lL(x) > 0 and
&y (z) > 1,if x > 0. Since VP - M and N™P are square integrable martingales, their
expectations are constant. Applying 1t6’s formula to @, (U™?) between 0 and T, we
get

(3.10)

T !

EdL(Uy™) — E®L(Uf?P) = ]E/O (PL(USP) (9" (s,U, V') — g8 (s, UL, VP)))dCs

T 1
P

T 1"
B[ TR (VO E [ TEUIT)AN ),
0

0

Then, since both ¢" and g” satisfy (Hi) with the same parameters,
lg" (s, Us", Vi) —g" (s, U3, V)

< 28 + Lma (VP + S Ims (VD)

< 2as +3—7

< 20+ (Ims (V)2 o+ [ma(VE = V)P + Vi) 4+ (jma(VE = V) 2 + [ma Vi ?)

3 5 . N
< 2G5 + §(|ms(1/;“p)|2) + %(|ms(Vsp — V)2 + [msVs]?).
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The two last inequalities result from the convexity of: z — |z|2 Using these estimates
and transferring both

T " T /
E(/ ?(Uﬁmnms(v&@n%@) and IE( / @Lw;wﬁ;|ms(vsn,p)|zdcs)’
0 0

in the left-hand side of Itd’s formula applied to @ (U™P?), we obtain

1 T o, 3y
BoL(Ug ") + ZE(NEP) +E ( |G- ;qsL)(U:’pnms(vs"’p)Qdcs)

T

~ ~ ’ 5 ~ ~

< E®r(B" - BP) —HE/ DL (UP) <2a5 + §(|ms(Vs” - Vo)l + \mSV5|2)) dCs. (++)
0

Setting: L = 8y, and using the definition (3.10), we check

B, — 8ydy = 1, (3.11)

which entails the positiveness of the last term of the left-hand side. Then, thanks to
the weak convergence of (V™) to V (and of (N™) to N) and the convexity of: z — |z|?,
we have

"

T
)] ’
lim inf E </ (=L — 37qsL)(Ug“p)ms(VS"J’)FalCS) > (3.12)
0

T " ’ ~ ~
8 (/0 (%L a0~ UL (a7 - v;’>|2>dcs> .

Similarly, we get

liminf E(|NP %) > E(|[Np — N2J?). (3.13)

n—oo

Using the almost sure convergence of the increasing sequence (U") to U, the dominated
convergence theorem yields

’ 5 ~ ~
& (USP) <§(|ms(vs — VA + |msVs|?) + 2075)

;o 5 - - _
< B0 - 00 (G ma(Ta = VDR 4 fmalaf) 420 ) (1)

which holds uniformly in n. Besides, the process in the right-hand side of (3.14) is inte-
grable w.r.t. dC, as a product of a bounded process and a sum of integrable processes.
To obtain a lower bound of the left-hand side of inequality (**), we use both (3.12)
and (3.13). Then, for the right-hand side of (**), we rely on (3.14) and on the almost

sure and increasing convergence of (B™) to B to get
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- 1 -
Edp, (U — UY) + 5E( Ny — Np[*)
P 3

T ’ ~ ~
+B [ (G = Fo0)(O = UD)ma(Vs = VI)PdC)

T
~ ~ /o~ 5 ~ 5 ~
<E <¢L(B — B +/ &1, (Ts = UD) (L ms (Vs — V) + 205 + ;|msvs|2)dcs>.
0

Transferring now E( fOT QPIL(US — Uf)(%”ms(f/s — Vsp)|2)dCs) in the left-hand side of
this inequality and using properties of @, and, in particular, (3.11), we obtain

- 1 T - -
ED(Uo — Ug) + 5E (/ Ims(Vs — VE)|*dCs + |Np — N;|2>
0
<E(op BB+ [ B0 — U+ D eVl
< L(B—DB")+ @1 (Us — US) (200 + 5 ImsVs[*)dCs ).
0

Thanks to the convergence of (Us — UY) to 0 (holding true P-a.s. and for all s) and
since |mV|? and @ are in L' (dC ® dP), the dominated convergence theorem entails the
convergence of the right-hand side to 0. Taking the limit sup over p in the left-hand
side, it yields

T
lim sup E <;E </ Ims(Vs — VP)|?dCs + | Np — N;@|2)> <0,
0

p—00

which ends the proof.

4 Applications to finance

In this section, we study the problem (1.1) stated in the introduction for three types
of utility functions.

4.1 The case of the exponential utility

Theorem 4.1 o For any fized t, the value process given at time t by VtB can be
expressed in terms of the unique solution (Y,Z,L) of BSDE of type (Eql) given by
(F*,8,B)

Vi (@) = Ua(x — V). (4.1)

The constant 3 corresponds to the risk-aversion parameter o, B is the contingent claim
and F® is the generator, whose expression is given by

. « As 12 ! 1 2
F%(s,2) = unelf(; (E‘WS(V —(z+ ES)N ) — (msz) (msAs) — %‘ms}xﬂ .
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o There exists an optimal strategy: v* = (V;k)se[t, 1] Such that: v* € Aq, and satisfying,

P-a.s. and for all s,

As 2

—)I°- 4.2
) (42)

vs € argmin |ms(v — (Zs +
vec

e FEaxtending the definition of VtB (z) to an arbitrary stopping time T, we set

B F T ; dS;,
V" (z) = esssupE” ™ Ua(er/ ZI/; Siu - B)|,
v T i u
where, in this expression, all trading strategies v are defined on [7,T). Then, for any
7-7

VB (2) = Uala - Yr) = RY,
and we recover the formulation of the dynamic programming principle
. . B _ mFr B v, Tx
V1, 0, T <o, F-stopping times, V7 (z)=E"7(V; (Xg ). (4.3)

v o
o)

Remark 4.2 To give sense to the expression VUB (X, , we refer to the footnote

. . .. * 7 «dSy .
given at the bottom of page 5: indeed and by definition, Xy ™% =z + / ”zTu, is
T u

an attainable wealth at time o, when starting from z at time 7.

Proof To prove (4.1), we rely on the results obtained in Section 3 to claim the exis-
tence of a unique solution (Y, Z,U) of the BSDE(F®, «, B). Then, using the expression
of RY = Ua(X" —Y) obtained in the last paragraph of Section 2.1, we write

Vsel[t,T], RY=R{M{ exp(AY — A}),

with: Mt”S =&t,s(—a(v—Z)- M+ aL). Since the continuous stochastic exponential is
a positive local martingale and since: AY > 0, there exists a sequence of stopping time
(Tn) such that (R¥A,) is a supermartingale (for each v), which entails

Vs, t<s<T,VAeF:, E(Rirr,1a) <E(Rirr14).

Using the definition of admissibility and the boundedness of Y, we obtain the uni-
form integrability of (R{,, ) and (R, ). Passing to the limit, we get: E(R14) <
IE(R;’IA), which entails the supermartingale property of R”, as soon as: v € A;. Both
this supermartingale property and the relation: Ry = Un(x — Y%), imply

VtB(x) = ess sup Eft(Ua(X;’x’t — B) < Ua(z — Y1).
vEA,

Now, to obtain the equality (4.1), we focus on the second point of Theorem 4.1.
Since: z — F%(s, z) is a continuous functional of z, which tends to +oo, as |z| goes
to oo, the infimum in the expression of F'® exists. Furthermore, relying on the same
selection argument as in lemma 11 in [12] and thanks to the continuity of the functional
and the predictability of the processes A and Z, there exists a measurable choice of v}
satisfying (4.2), i.e. A”" = 0. To check that: v* € As, we argue that, from the choice
of v* given in Theorem 4.1 and since 0 is in C,

Vse[0, T], |ms(vi = (Zs + ) < Ims(Zs + )],
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Since: [ms(vi —Zs))| < |ms(vi—(Zs+22))|4|ms 2|, we obtain a control of [m(v* —2))|
depending only on the processes Z and A. Hence and thanks to Kazamaki’s criterion
(see [14]), E(—a(v* — Z) - M) is a true martingale. The process R” , such that, for all
s, s>t

*

R = —e " Yg (—a(v" - Z) M +alL),

is a true martingale, which implies that: v* € A and the equality (4.1) .

To recover the dynamic programming principle, we define the Fr-measurable ran-
dom variable V,Z () the same way as V;Z (z) and for any F-stopping time 7. The same
procedure as the one used to prove (4.1) entails

VE (@) = Un(z — V) = Ua(XY "% —Y;) = RY .

Applymg the optlonal sampling theorem between 7 and o to the martingale R defined
by: RV = = Ua(XV 7% —Y), we get (4.3).
0O

4.2 Power and logarithmic utilities

As in [12], we introduce two other types of utility functions:

— The first one is the power utility, defined for all real v, v €]0, 1], by: Uy (z) = %x'y
(v being fixed, we write U! instead of Us).

— The second one is the logarithmic utility, given by: U2(a:) = In(x).

Contrary to the exponential case, we have to impose that the wealth process is positive.
We focus our attention to the case where there is no liability any more (i.e. B =0, in
the problem (1.1)). In this context, a constrained trading strategy is a d-dimensional
process p, which takes its values in the constraint set C and such that, for each i, pi
stands for the part of the wealth invested in stock i¢. The discounted price process S
is again assumed to satisfy (2.1) and we denote by: X” = X”“% the wealth process
associated with the strategy p and such that: Xf = z. Its expression for any s, s € [t,T],
is

S S S ’

X0 = x—i—/ X£Pp us—“ = ;r—i—/t XE pud My, +/t XE pyd{M)yy.

u
The decomposition of the price process S is the same as in Section 1.2 and, in particular,
A is a predictable R%-valued process. For each case, we give in subsections 4.2.1 and 4.2.2
a definition of the admissibility set for trading strategies (this set is always denoted by
At). Denoting by U the utility function, we are going to characterize the value process
associated to the utility maximization problem with liability equal to zero: this process
is defined at time t by

Vi(z) = ess sup E”* 1:+/ Xupudsu ))- (4.4)
Py PEA; Su
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4.2.1 The power utility case

Definition 4.3 The set of admissible strategies A; consists of all d-dimensional pre-
dictable processes p = (ps)se[¢, 7] such that: ps € C (P-a.s. and for all s) as well as

T , T
/ psd(M)sps = / |msps|2dC’5 < oo, P-as.
t t

This condition entails that the stochastic exponential £(p - M) is a continuous local
martingale. We can now solve the problem (4.4) for the power utility function U L

Theorem 4.4 Let V! be the value process associated with the problem (4.4) and having
for utility function: U = Ut
e [is expression is

R
Vit (2) = % exp(Yy).

In this expression, (Y,Z,L) stands for the unique solution of the BSDE(fl, %,0) of
type (Eql)

T 1 T 1 T
}/t =0- / f (S, ZS)dCS +/ §d<L>S — / stMs — (LT — Lt),
t t t

the process L is a real-valued martingale strongly orthogonal to M and the expression
of the generator f' is given by

o) = nt WD (- (2 2)

(4.5)

o There erists an optimal strategy p satisfying, P-a.s. and for all s,

(P1)(s) € arg min_|m(p — (22 20))2, (4.6)

p, pEC 1—7

Remark 4.5 The expression of the optimal strategy p* is already known in the brownian
setting and when there is no trading constraints: in that case, the wealth process X™
satisfies

dX3 =rXJds+ X (osmsdWs + (1 — r)msds). (4.7)

In the elementary case of constant coefficients in (4.7), the optimal proportion is equal
to ﬁ (this result can be found in [6] or also in the seminal paper of [15]). In [25],
the author generalizes those previous results assuming that the price process is a geo-
metric brownian motion and assuming that there exists an additional asset, which is
driven by another brownian motion correlated to the first one: in that case, the explicit
formula for the optimal strategy incorporates the effect of the correlation factor.
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Proof  We just give a sketch of the proof, which is similar to the one given in the
exponential case and relies on the same dynamic method as in [12]. To this end, we
define the process R” for all s, s € [t,T], by: RS = X£ exp(Ys). We first write

S S /
XP = a:—|—/ X8 pudM,, +/ XE(mupu) (Mudy)dCo,
t t
and since Y is solution of the BSDE(fl, %, 0), simple computations leads to
1 - -
Y =Ry~ Es((vo+ Z) - M+ L) exp(A7 — A7),

where the process AP is such that

—1)

~ S 1 ’
AL = /O (7 s Za) + gl Zal? + 20 g 5 mapa) (ma(Zu + X)) dCu

2

By the definition of fl7 we check:
e R’ is a supermartingale for any p, p € Ay,

e R isa martingale for any strategy p] satisfying (4.6), taking into consideration
(Z4+X) |

that, for such a strategy, we have: |mpj| < \mm

Besides, we obtain

* * 2l
Vit (@) =EF (R = By = - exp(¥7).

4.2.2 The logarithmic utility case

We again introduce the notion of admissible strategy adapted to our problem.

Definition 4.6 The set of admissible strategies A; consists of all d-dimensional pre-
dictable processes p such that, ps € C, P-a.s. and for all s, and such that

T T
E(/t psd(M)sps) :E(~/t |m8P8‘2dCS) < 0o.

Theorem 4.7 Let V? be the value process associated with the problem (4.4) and hav-
ing for utility function: U = U?.

o Its expression is V2(z) = In(x) + Yi: Y stands for the unique solution of the
BSDE(f%,0) of type (Eq2)

T T T
Y =0 —/ F2(s)dCs —/ ZsdMs —/ dLs,
t t t

and the expression of the generator f2 is

. 1 1
()= it Slms(p= A = lmads]” (4.8)

o There exists an optimal strategy p5 satisfying (P-a.s. and for all s)

(p3)(s) € arg min_|ms(p — As)|?. (4.9)
p, p€C
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Remark 4.8 As in the power utility case, we recover the expression of the optimal
proportion in the brownian setting. Assuming that the coefficients p, o and r are

constants, this proportion is equal to: p* = (“;27")

Proof The wealth process X” satisfies again
S S ’
Xt = er/ XE pudM,y, +/ XE(mupu) (Mudry)dCo.
t t

Now, using both It&’s formula and the assumption that Y solves a BSDE of type (Eq2),
it yields

S
R =In(X8)+Ys =In(x) + Vs + / ((pu + Zu)dM,y + dLu) + Ag(s) — Ag(t),
¢
where the process A is such that
S 1 ,
A5 = [ (72 w) = 3hmupul® + (mupu) (mud))dC
0

From the definition of f2, we obtain: Ag < 0, and we deduce:
e In(X”)+Y is a supermartingale, for any p such that p € A;.
If, besides, p5 satisfies (4.9) then: Ag; = 0 and hence: |m(p5 — A)| < |mA|. The
assumption (Hy) on X\ implying the uniform integrability of R” ;, we can claim
e In(X”2) +Y is a martingale.
Such a strategy p5 is optimal and applying the optional sampling theorem to R” ;, we
get i
V2 (2) = BT (RP2) = R = In() + Vi

5 Conclusion

In this paper, we have solved the utility maximization problem by characterizing
both the value process and the optimal strategies: the novelty of our study is that we
have used a dynamic method in the context of a general (and non necessarily Brow-
nian) filtration and in presence of portfolio constraints. This last assumption entails
that the introduced BSDEs have quadratic growth.

Since we are not in the Brownian setting, the first part of our work consists in jus-
tifying new existence and uniqueness results for solutions of a specific type of quadratic
BSDESs. This study leads to an expression of the value process in terms of a solution of
a BSDE of the previous type. Relying on the dynamic principle, we are able to char-
acterize this value process for three cases of utility functions. This type of BSDE has
already been studied in a particular case in [18] in connection with the notion of indif-
ference utility price. However, one of the main difference in [18] is that no constraints
are imposed on the portfolio. Furthermore and contrary to our setting, they refer to
duality methods. Our study depends heavily on the assumption that the filtration is
continuous and we hope to study the case when jumps are allowed. Another perspective
is to study the connection with the problem of utility indifference pricing.

Acknowledgements I express my gratitude to Professor Schweizer and to Professor Jean-
blanc for helpful discussions and to the anonymous referees for their valuable comments, which
allow me to improve greatly the previous versions of my paper.
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6 Appendix: proof of proposition 3.2

Contrary to lemma 3.1, where the process Y is supposed to be in S°°, in this propo-
sition, the process U" is only assumed to be in S2. First, we apply [t6’s formula to
(eI'“t|U?), I being a non negative constant

d(e" UL ) = D" U POy + " (207 dUP + d(U™)), (6.1)
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with
ULUT + d(U™)i= —2U7 g™ (t, U, Vi")dCy + [ma V" [*dCy + d(N™);

+ 207" (V{"dM; + dN{").

Since (U™, V™, N") is in $? x L2(d(M) x dP) x M>([0,T}), it follows that the process
K defined by

S
Vsel0,T], Ks= / 2 U (VI AM,, + AN, (6.2)
0

is a true martingale. We now fix ¢ (¢ € [0, 7]) and we rewrite 1t6’s formula (6.1) between
s(t<s<T)and T

T
el \un)? — O U = / LU (— UL + 2™ (u, UL, V")) dClu

S
T rc 2
_/ eI (Imu Vi 2dCy + A(N),) — (K7 — K).
S

Relying on the Lipschitz property of the generator g", we get
21U 19" (u, Ust, V)| < 2|01 (u, 0,0)| + 2L (UL + |U | [maVir']),

and using the inequality: |2Lnab| < (2(Ln)?%a® + %bQ), we obtain
n n 2112 1 n|2
2Ln|Uy |lmaVa,'| < 2(Ln)*|Uy|” + 2|muVu I
Combining these two last inequalities, setting: I = 2((Ln)? + Ly), and taking the
expectation w.r.t F; in It6’s formula applied to el'Cs |Usn\2 between t and 7T, it yields
P < E (T |URP|R)
T re 1 2
FE( [T QUG (00,0 + § (Vi) dCul 7
t
T rc 2
_E / e (Imu Vi 2dCu + d(N™),) | F |
t
This leads to

T
E (/ el O (Imu VM2 dCy + d<N>u)|-7:t>
t

T
<2 <]E(eFCTUq’3|2 + 2/ eFCu|U3||g"(u,o,o>|dcu|ft)> . (6.3)
t
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We come back to Itd’s formula (6.1) for the process e/ ¢ |U™|? between s and T'. Taking

the supremum over s (s € [t,T7), it follows

sup eFCS|U;l|2 < eFCT|U§3\2
t<s<T

T
+2/ U " (4,0,0)|dCy + sup |Kr — K.
¢ t<s<T

Applying the Burkholder-Davis-Gundy inequalito to the supremum of the square inte-

grable martingale K and the relation: Cab < %aQ + %bQ, we deduce the existence of

a constant C such that

T
E ( sup eFC“"'IU?Ith> <E <eFCT|U¥|2 + 2/ eFC“IUSIIQ”(u,070)|d0u|ft>
t<s<T t

T
1
+2E / O (jmu Vi 2dCu + d(NYW) | Fe | + sE | sup ! Ul |17 |,
t 2 \i<s<T

where the constant C' is generic and may vary from line to line. Combining this last
inequality with (6.3), we deduce

T
E ( sup eFCS|U§l\2 +/ el Cu (|muVJl|2dCu + d<N>U)|.7:t)
t<s<T t

T
< CE (eFCTU%l2 +/ U 19™ (u, 0, 0)d0u|ft> :
t

To obtain the desired relation, we use a last estimate of the last term in the right-hand
side of the previous inequality

T
CE (/ LCa U 6™ (u, 0, O)dCu|.7-"t>

t

2 T r
< %IE ( sup eFC“|U£L|2|.7:t) + %E <(/ e? C“'|9n(u7070)dcu)2|ft> .
t<u<T t

We can now claim that the relation (3.9) given in proposition 3.2 holds true, using that
eFC‘|Ut"\2 <E| sup eFC“|U3\2|.7-—t .
t<u<T

To deduce the boundedness of U™ in S°°, we use the two following properties: on the
one hand, |¢"(u,0,0)| < @u, with the process & satisfying: / asdCs < a < oo, P-a.s.
0

and, on the other hand and for all n, the random variable U} such that: U} = PP is
bounded.



